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Abstract 

The weighted sharing method is used in this article to mainly concentrate on higher order derivatives 

of two non-constant meromorphic(entire) functions sharing of unique range set 𝑆 =
{𝜔|𝜔𝑛 + 𝑎𝜔𝑚 + 𝑏 = 0}, where 𝑛 and 𝑚 are co-prime, which in turn improve the results of Chen [3] 

and P. Sahoo and A. Sarka[9] where they considered the unique range sets 𝑆1 = {𝛼1, 𝛼2, … 𝛼𝑘}, 𝑆2 =
{𝛽1, 𝛽2}  in the class and subclass of meromorphic function. And also, we investigate the problems of 

𝑓𝑛(𝑧)(𝑓𝑚(𝑧) − 1)𝑃(𝑓(𝑧)) and 𝑔𝑛(𝑧)(𝑔𝑚(𝑧) − 1)𝑃(𝑔(𝑧)) sharing of (𝑅(𝑧), 𝑙), where 𝑅(𝑧) is a 

rational function, by giving sufficient conditions in terms of weighted value sets sharing. These results 

generalize and improve the results of Dong-Mei Wei et al., [10]. The outcomes of this study provide a 

new context for earlier findings.  
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1 Introduction 

In this paper, the term meromorphic will mean meromorphic in the complex plane ℂ. The two 

meromorphic functions 𝑓 and 𝑔 be defined in ℂ as non-constant functions. Readers can get the basic 

knowledge on Nevanlinna value distribution theory of meromorphic function in [6, 7, 11]. The 

terms 𝑇 (𝑟), 𝑆(𝑟, 𝑓 ) are defined as 𝑇(𝑟) = 𝑚𝑎𝑥{𝑇(𝑟, 𝑓), 𝑇(𝑟, 𝑔)} and 𝑆(𝑟, 𝑓) =
𝑜(𝑇(𝑟, 𝑓)) as 𝑟 tends to infinity outside a set 𝐸 ⊂ (0, +∞) respectively.  We define 𝐸(𝑎;  𝑓 ), 

to denote the number of zeros of 𝑓 − 𝑎, for 𝑎 ∈ ℂ and 𝑎 is counted according to its multiplicity. If 

𝑎 =  ∞ then the poles will be considered in the above definition. In the similar way we 

denote �̅̅�(𝑎;  𝑓),   to count the distinct zeros(poles) of 𝑓 − 𝑎, for 𝑎 ∈ ℂ(𝑎 = ∞). 

Let 𝑆 ∈ ℂ ∪ {∞}. For 𝑎 ∈ 𝑆, the set of all a-points of 𝑓 together with their multiplicities 

(ignoring multiplicities) is defined as 𝐸𝑓(𝑆)(�̅�𝑓(𝑆)). Then the functions 𝑓 and 𝑔 share the set 𝑆 

CM(IM) when 𝐸𝑓(𝑆) = 𝐸𝑔(𝑆)(�̅�𝑓(𝑆) = �̅�𝑔(𝑆)). Let 𝑘 ∈ 𝑍+, we denote 

𝑁𝑘) (𝑟,
1

𝑓−𝑎
) (�̅�𝑘) (𝑟,

1

𝑓−𝑎
)) the CM(IM) of 𝑎-points of 𝑓 with multiplicity ≤  𝑘 and 

𝑁(𝑘+1 (𝑟,
1

𝑓−𝑎
) (�̅�(𝑘+1 (𝑟,

1

𝑓−𝑎
)) the CM(IM) of 𝑎-points of 𝑓 with multiplicity >  𝑘, where each 𝑎-

point is counted according to its multiplicity. 

Definition 1. ([8]) Let 𝑘 ∈ 𝑍+ and 𝑎 ∈ ℂ ∪ {∞}. The set of all 𝑎-points of 𝑓 is denoted by 𝐸𝑘(𝑎; 𝑓), 

where 𝑎-point with multiplicity 𝑚 is counted 𝑚 times when 𝑚 ≤  𝑘 and 𝑘 + 𝑎 times for 𝑚 > 𝑘. If 

𝐸𝑘(𝑎; 𝑓) = 𝐸𝑘(𝑎; 𝑔), then 𝑓 and 𝑔 share the value 𝑎 of weight 𝑘. Suppose 𝑓 and 𝑔 share (𝑎, 𝑘), is 

nothing but they share the value 𝑎 with weight 𝑘. 

Definition 2. Let us define,  

𝑃(𝑓(𝑧)) =  𝑎𝑠𝑓𝑠 +  𝑎𝑠−1𝑓𝑠−1 + · · ·  + 𝑎0 = ∑ 𝑎𝑖𝑓
𝑠𝑠

𝑖=0 ,                    (1.1)  

𝑠 ∈ 𝑍+, 𝑎𝑠(≠ 0), 𝑎𝑠−1, ⋯ , 𝑎0 are constants.  

Definition 3. ([13]) Let 𝑛, 𝑚 ∈  𝑍+ with 𝑛 > 𝑚 and 𝑎, 𝑏(≠ 0) be constants, then 𝑆 =  {𝜔|𝜔𝑛 +
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𝑎𝜔𝑚 + 𝑏 = 0} has 𝑛 distinct roots if  

        
𝑏𝑛−𝑚

𝑎𝑛 ≠ (−1)𝑛 𝑚𝑚(𝑛−𝑚)𝑛−𝑚

𝑛𝑛 .                                                             (1.2) 

Definition 4. ([9]) Let 𝐺 be a family of functions and 𝑆1, 𝑆2, . . . , 𝑆𝑞 be the subsets of ℂ ∪ {∞}. Then 

for any 𝑓, 𝑔 ∈ 𝐺, the sets 𝑆𝑗 , 𝑗 =  1, 2, . . . , 𝑞 are called unique range sets (URS, in brief) if 𝑓 and 𝑔 

share 𝑆𝑗 CM imply 𝑓 ≡ 𝑔. 

Theorem 1.1. (see [13], Theorem 1.13]) Let 𝑓(𝑧) be a non-constant meromorphic function in ℂ and 

𝑅0(𝑓) =
𝑃0(𝑓)

𝑄0(𝑓)
, where 𝑃0(𝑓) =  ∑ 𝑎𝛼𝑓𝛼𝑝

𝛼=0  and 𝑄0(𝑓) =  ∑ 𝑏𝛽𝑓𝛽𝑞
𝛽=0  are two mutually prime 

polynomials in 𝑓. If the coefficients {𝑎𝛼(𝑧)}, {𝑏𝛽(𝑧)} are small functions of 𝑓 and 𝑎𝑝 ≠ 0, 𝑏𝑞 ≠ 0, 

then  

              𝑇(𝑟, 𝑅0(𝑓)) = 𝑚𝑎𝑥{𝑝, 𝑞}𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓). 

Theorem 1.2. (see [13], Theorem 7.10]) Suppose 𝑓 and 𝑔 are two non-constant meromorphic 

functions sharing 1 CM. If  

𝑁2 (𝑟,
1

𝑓
) + 𝑁2 (𝑟,

1

𝑔
) + 𝑁2(𝑟, 𝑓) + 𝑁2(𝑟, 𝑔) < (µ + 𝑜(1))𝑇(𝑟), 

𝑟 ∈  𝐼, where µ < 1, 𝑇(𝑟) = 𝑚𝑎𝑥{𝑇(𝑟, 𝑓), 𝑇(𝑟, 𝑔)}, 𝑟 ∈ (0, ∞). Then 𝑓 ≡ 𝑔 or 𝑓𝑔 ≡ 1.  

In 2020, Wei and Huang [10], investigated the weighted value sharing results. 

Theorem 1.3. ([10]) Let 𝑐 ∈ ℂ − {0} and 𝑓, 𝑔 be finite order meromorphic functions. Consider the 

case where 𝑓𝑑 and 𝑔𝑑 share the set (𝑅(𝑧), 𝑙), where 𝑙, 𝑑 are integers and 𝑅(𝑧) is a rational function. 

If any of the following holds:  

(1) 𝑙 =  0, 𝑑 ≥  15;  
(2) 𝑙 =  1, 𝑑 ≥  10;  
(3) 𝑙 ≥  2, 𝑑 ≥  9,  
then 𝑓 = 𝑡𝑔 or 𝑓𝑔 = 𝑡𝛼, where 𝑡𝑑 = 1, 𝛼𝑑 = 𝑅2.  

In 2021, A. Banerjee and S. Bhattacharyya [2] proved the following result for the class of all 

meromorphic functions. 

Theorem 1.4. ([2]) If 𝑟 is a positive integer, then 𝑆1 =  {𝛼1, 𝛼2, . . . , 𝛼𝑟}, 𝑆2 =  {𝛽1, 𝛽2}, fulfill the 

requirement (𝛽1 − 𝛼1)2(𝛽1 − 𝛼2)2 ⋯ (𝛽1 − 𝛼𝑟)2 ≠ (𝛽2 − 𝛼1)2(𝛽2 − 𝛼2)2 ··· (𝛽2 − 𝛼𝑟)2. The 

finite complex numbers 𝛼1, 𝛼2, . . . , 𝛼𝑟 , 𝛽1, 𝛽2 can only be one of 𝛽𝑖(𝑖 = 1,2) ∈ 𝑆1. If 𝑓 and 𝑔 are two 

meromorphic functions and 𝑓 is a non-integer finite order, then they share (𝑆1;  𝑙) and (𝑆2; 0). 

If 𝑙 =  2 and 𝑟 >  2𝑚2 − 2𝑛0
𝑟−1 + 6 − 4𝑚𝑖𝑛{𝛩(∞, 𝑓), 𝛩(∞, 𝑔)}, 

or 𝑙 = 1 and  𝑟 > max {2𝑚1 − 2𝑠0
𝑟−1 + 4 − 𝛩(∞, 𝑓) − 𝛩(∞, 𝑔), 

2𝑚2 +
𝑚1

2
−

1

2
𝑠0

𝑟−1 − 2𝑛0
𝑟−1 + 7 −

9

2
𝑚𝑖𝑛{𝛩(∞, 𝑓), 𝛩(∞, 𝑔)}}, 

or 𝑙 = 0 and  𝑟 > max {2𝑚1 − 2𝑠0
𝑟−1 + 4 − 𝛩(∞, 𝑓) − 𝛩(∞, 𝑔), 

2𝑚2 + 3𝑚1 − 3𝑠0
𝑟−1 − 2𝑛0

𝑟−1 + 12 − 7𝑚𝑖𝑛{𝛩(∞, 𝑓), 𝛩(∞, 𝑔)}}, 

Then 𝑓 ≡ 𝑔, provided 𝑚 > 1. 

The first result in this paper will follow the above direction to prove the following. 

Theorem 1.5. Suppose that 𝑓 is a meromorphic function of finite order and 𝑃(𝑓) be a polynomial 

that is specified in (1.1). Suppose that 𝑓𝑛(𝑧)(𝑓𝑚(𝑧) − 1)𝑃(𝑓(𝑧)) and 𝑔𝑛(𝑧)(𝑔𝑚(𝑧) −
1)𝑃(𝑔(𝑧)) share of (𝑅(𝑧), 𝑙), where 𝑅(𝑧) is a rational function and 𝑙, 𝑛, 𝑚 𝜖 ℤ. If any one of the 

following situations applies: 
(1)𝑙 = 0, 𝑛 ≥ 7𝑚 + 7𝑠 + 14; 
(2)𝑙 = 1, 𝑛 ≥ 8𝑚 + 8𝑠 + 9; 
(3)𝑙 ≥ 2, 𝑛 ≥ 7𝑚 + 7𝑠 + 8, 
then 𝑓 = 𝑡𝑔 or 𝑓. 𝑔 = 𝑡𝛼, where 𝑡𝑛 = 1, 𝛼𝑛 = 𝑅2. 

 In 2017, chen [3] proved the results by considering unique range sets. 

Theorem 1.6. ([3]) Let 𝑘𝜖ℤ+ and let 𝑆1 = {𝛼1, 𝛼2, . . . , 𝛼𝑘}, 𝑆2 = {𝛽1, 𝛽2} fulfill the requirement 

(𝛽1 − 𝛼1)2(𝛽1 − 𝛼2)2 ⋯ (𝛽1 − 𝛼𝑘)2 ≠ (𝛽2 − 𝛼1)2(𝛽2 − 𝛼2)2 ··· (𝛽2 − 𝛼𝑘)2 for 𝑘 + 2 distinct 

finite complex numbers 𝛼1, 𝛼2, . . . , 𝛼𝑟 , 𝛽1, 𝛽2. Then the sets 𝑆1and 𝑆2 are the URS of meromorphic 

functions in 𝑀1(ℂ), the class of meromorphic functions which have finitely many poles in ℂ, when 
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the order of 𝑓(𝑧) is neither an integer nor infinite. 

 In 2020, P. Sahoo and A. Sarkar [9] proved the following. 

Theorem 1.7. ([9]) Let 𝑆1and 𝑆2 be as in Theorem 1.6 for 𝑘 > 2𝑚2 + 3𝑚1. If (𝛽1 − 𝛼1)2(𝛽1 −
𝛼2)2 ⋯ (𝛽1 − 𝛼𝑘)2 ≠ (𝛽2 − 𝛼1)2(𝛽2 − 𝛼2)2 ··· (𝛽2 − 𝛼𝑘)2. Then the sets 𝑆1and 𝑆2 are the URS of 

meromorphic functions in 𝑀2(ℂ), where 𝑀2(ℂ) is the subclass of meromorphic functions of non-

integer finite order in 𝑀1(ℂ). 

 In this paper we prove the results for 𝑘𝑡ℎ derivative of entire(meromorphic) functions sharing 

unique range sets. 

Theorem 1.8. Suppose that 𝑛, 𝑚 𝜖 ℤ for 𝑛 > 2(𝑚 + 1)(𝑘 + 2) and 𝑎, 𝑏 are nonzero constants 

satisfying (1.2). If 𝑛 and 𝑚 are coprime then 𝑆 = {𝜔|𝜔𝑛 + 𝑎𝜔𝑚 + 𝑏 = 0} is a URSE. 

Theorem 1.9. Let 𝑛 and 𝑚 be integers with 𝑛 > 2(2 + 𝑚)𝑘 + 8 and 𝑚 ≥ 2. Let 𝑎, 𝑏(≠ 0) be 

constants satisfying (1.2). If 𝑛 and 𝑚 are coprime then 𝑆 = {𝜔|𝜔𝑛 + 𝑎𝜔𝑚 + 𝑏 = 0} is a URSE, if 

any two nonconstant meromorphic functions 𝑓 and 𝑔 with 𝐸𝑓(𝑆) = 𝐸𝑔(𝑆) must have 𝑓 ≡ 𝑔. 

 

2 Lemmas 

We represent by 𝐻 the below function: 

                   𝐻 = (
𝐹′′

𝐹′ −
2𝐹′

𝐹−1
) − (

𝐺′′

𝐺′ −
2𝐺′

𝐺−1
),  

where 𝐹 and 𝐺 are defined in the complex plane as nonconstant meromorphic functions. 

Lemma 2.1. [11, 12] Suppose 𝑓(𝑧) is a meromorphic function in ℂ and 𝑃(𝑧) = 𝑎𝑚𝑓𝑚 +
𝑎𝑚−1𝑓𝑚−1 + ⋯ + 𝑎1𝑓 + 𝑎0, where 𝑎𝑚(≠ 0), 𝑎𝑚−1, … , 𝑎0 are constants, be a polynomial. Then 

                  𝑇(𝑟, 𝑃(𝑓)) = 𝑚𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓). 

Lemma 2.2 [4] Let 𝑓 be a finite order meromorphic function and 𝑐𝜖ℂ − {0}. Then  

                  𝑚 (𝑟,
𝑓(𝑧+𝑐)

𝑓(𝑧)
) + 𝑚 (𝑟,

𝑓(𝑧)

𝑓(𝑧+𝑐)
) = O{𝑒𝜌(𝑓)−1+𝜀}. 

Lemma 2.3. [1] Suppose that two nonconstant meromorphic functions 𝐹, 𝐺 share (1,0) and 𝐻 ≠ 0. 

Then 

𝑇(𝑟, 𝐹) ≤ 𝑁2 (𝑟,
1

𝐹
) + 𝑁2 (𝑟,

1

𝐺
) + 𝑁2(𝑟, 𝐹) + 𝑁2(𝑟, 𝐺) + 2�̅� (𝑟,

1

𝐹
) + �̅� (𝑟,

1

𝐺
) + 2�̅�(𝑟, 𝐹) +

�̅�(𝑟, 𝐺) + 𝑆(𝑟, 𝐹) + 𝑆(𝑟, 𝐺).     

Lemma 2.4. [1] If two nonconstant meromorphic functions 𝐹, 𝐺 sharing (1,1) and 𝐻 ≠ 0. Then 

 𝑇(𝑟, 𝐹) ≤ 𝑁2 (𝑟,
1

𝐹
) + 𝑁2 (𝑟,

1

𝐺
) + 𝑁2(𝑟, 𝐹) + 𝑁2(𝑟, 𝐺) +  

1

2
�̅� (𝑟,

1

𝐹
) +

1

2
�̅� (𝑟,

1

𝐺
) + 𝑆(𝑟, 𝐹) +

𝑆(𝑟, 𝐺). 

Lemma 2.5. [10] Let (1,2) is shared by two nonconstant meromorphic functions 𝑓 and 𝑔. Then any 

one of the below cases holds: 

(𝑖) 𝑇(𝑟) ≤ 𝑁2 (𝑟,
1

𝑓
) + 𝑁2 (𝑟,

1

𝑔
) + 𝑁2(𝑟, 𝑓) + 𝑁2(𝑟, 𝑔) + 𝑆(𝑟), 

(𝑖𝑖) 𝑓 = 𝑔, 
(𝑖𝑖𝑖) 𝑓𝑔 = 1, where 𝑇(𝑟) = max {𝑇(𝑟, 𝑓), 𝑇(𝑟, 𝑔)} and 𝑆(𝑟) = 𝜊{𝑇(𝑟)}, as 𝑟 ∉ 𝐸, where 𝐸 ⊂
(0, ∞) is a subset of finite linear measure. 

Lemma 2.6. [5] Let 𝑘𝜖ℤ+ and 𝑓 and 𝑔 are meromorphic functions. If 𝐸𝑘(1; 𝑓) = 𝐸𝑘(1; 𝑔), then 

any of the below cases must exist: 

         (𝑖) 𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔) ≤ 𝑁2 (𝑟,
1

𝑓
) + 𝑁2 (𝑟,

1

𝑔
) + 𝑁2(𝑟, 𝑓) + 𝑁2(𝑟, 𝑔) + �̅� (𝑟,

1

𝑓−1
) + �̅� (𝑟,

1

𝑔−1
) −

𝑁11 (𝑟,
1

𝑓−1
) + �̅�(𝑘+1 (𝑟,

1

𝑓−1
) + �̅�(𝑘+1 (𝑟,

1

𝑔−1
) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔); 

        (𝑖𝑖) 𝑓 =
(𝑎−𝑏−1)+(𝑏+1)𝑔

(𝑎−𝑏)+𝑏𝑔
, where 𝑎(≠ 0), 𝑏 are two constants. 

        Lemma 2.7. Let 𝑓 be a meromorphic function of order 𝜌 and 𝑃(𝑓(𝑧)) be as defined in (1.1). Then for 

any positive integers 𝑛. 𝑚 𝑇 (𝑟, 𝑓𝑛(𝑧)(𝑓𝑚(𝑧) − 1)𝑃(𝑓(𝑧))) = (𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) +

𝑂{𝑟𝜌(𝑓)+𝜀−1} + 𝑆(𝑟, 𝑓), for 𝑟𝜖𝐸. 

Proof: We set 𝐹1 = 𝑓𝑛(𝑧)(𝑓𝑚(𝑧) − 1)𝑃(𝑓(𝑧)). Then by Lemma 2.1, 2.2 we get  



 

162                                                                                  Vol.20, No.01(I), January-June:  2025 

(𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) = 𝑇(𝑟, 𝑓𝑛+𝑠(𝑧)(𝑓𝑚 − 1)) + 𝑆(𝑟, 𝑓), 

≤ 𝑚(𝑟, 𝑓𝑛+𝑠(𝑧)(𝑓𝑚 − 1)) + 𝑁(𝑟, 𝑓𝑛+𝑠(𝑧)(𝑓𝑚 − 1)) + 𝑆(𝑟, 𝑓), 

≤ 𝑚 (𝑟, 𝐹1

𝑓𝑠

𝑃(𝑓(𝑧))
) + 𝑁 (𝑟, 𝐹1

𝑓𝑠

𝑃(𝑓(𝑧))
) + 𝑆(𝑟, 𝑓), 

≤ 𝑇(𝑟, 𝐹1) + 𝑂{𝑟𝜌(𝑓)+𝜀−1} + 𝑆(𝑟, 𝑓).                  (2.1) 

On the other side we have 

𝑇(𝑟, 𝐹1) ≤ 𝑇(𝑟, 𝑓𝑛(𝑧)) + 𝑇(𝑟, (𝑓𝑚 − 1)) + 𝑇 (𝑟, 𝑓𝑠
𝑃(𝑓(𝑧))

𝑓𝑠
) + 𝑆(𝑟, 𝑓), 

≤ 𝑇(𝑟, 𝑓𝑛(𝑧)) + 𝑇(𝑟, (𝑓𝑚 − 1)) + 𝑇 (𝑟,
𝑃(𝑓(𝑧))

𝑓𝑠
) + 𝑇(𝑟, 𝑓𝑠) + 𝑆(𝑟, 𝑓), 

≤ (𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + ∑ 𝑎𝑗𝑇 (𝑟,
𝑓𝑗

𝑓𝑠
)

𝑠

𝑗=1

+ 𝑆(𝑟, 𝑓), 

≤ (𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + 𝑂{𝑟𝜌(𝑓)+𝜀−1} + 𝑆(𝑟, 𝑓).                                 (2.2) 

From (2.1) and (2.2) we have  

𝑇(𝑟, 𝐹1) = (𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + 𝑂{𝑟𝜌(𝑓)+𝜀−1} + 𝑆(𝑟, 𝑓). 

 

3 Proof of the Theorems 

Proof of Theorem 1.5 

Proof: Set 𝐹 =
𝑓𝑛(𝑧)(𝑓𝑚(𝑧)−1)𝑃(𝑓(𝑧))

𝑅
, 𝐺 =

𝑔𝑛(𝑧)(𝑔𝑚(𝑧)−1)𝑃(𝑔(𝑧))

𝑅
.  

Then 𝐹, 𝐺 share (1, 𝑙). Let 𝑇(𝑟) = max {𝑇(𝑟, 𝐹), 𝑇(𝑟. 𝐺)} and 𝑆(𝑟) = 𝑜{𝑇(𝑟)} as 𝑟 → ∞, outside a 

linear measure set. 

Case 1. 𝑙 = 0, 𝑛 ≥ 7𝑚 + 7𝑠 + 14. 

Let 𝐻 ≠ 0. Then from Lemmas (2.3) and (2.7), we get 

𝑇(𝑟, 𝐹) ≤  𝑁2 (𝑟,
1

𝐹
) + 𝑁2 (𝑟,

1

𝐺
) + 𝑁2(𝑟, 𝐹) + 𝑁2(𝑟, 𝐺) + 2�̅� (𝑟,

1

𝐹
) + �̅� (𝑟,

1

𝐺
) + 2�̅�(𝑟, 𝐹) +

�̅�(𝑟, 𝐺) + 𝑆(𝑟, 𝐹) + 𝑆(𝑟, 𝐺). 

Hence  

(𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) 

≤ 2(1 + 𝑚 + 𝑠)�̅� (𝑟,
1

𝑓
) + 2(1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑔
) 

+2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑓) + 2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑔) + 2�̅� (𝑟,
1

𝑓
) 

+�̅� (𝑟,
1

𝑔
) + 2�̅�(𝑟, 𝑓) + �̅�(𝑟, 𝑔) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔), 

≤ (4(1 + 𝑚 + 𝑠) + 4)𝑇(𝑟, 𝑓) + (4(1 + 𝑚 + 𝑠) + 2)𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔).                                                                                             

(3.1) 

Similarly 

(𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) 

≤ (4(1 + 𝑚 + 𝑠) + 4)𝑇(𝑟, 𝑔) + (4(1 + 𝑚 + 𝑠) + 2)𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔).                                                                                            

(3.2) 

Thus (3.1) and (3.2) give 
(𝑛 − 7𝑚 − 7𝑠 − 14)[𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)] ≤ 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔). 

Hence 
(𝑛 − 7𝑚 − 7𝑠 − 14)𝑇(𝑟) ≤ 𝑆(𝑟), 

which disprove 𝑛 ≥ 7𝑚 + 7𝑠 + 14.           

So, 𝐻 ≡ 0. i.e., 

(
𝐹′′

𝐹′
−

2𝐹′

𝐹−1
) − (

𝐺′′

𝐺′
−

2𝐺′

𝐺−1
) = 0.                       (3.3) 
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From (3.3) we have 
1

𝐹−1
= 𝐵 +

𝐴

𝐺−1
,                                (3.4)  

here 𝐴 ≠ 0, 𝐵 are constant. 

Subcase 1.1. When 𝐵 = 0, the (3.4) becomes 𝐹 =
𝐴−1+𝐺

𝐴
  and 

𝐺 = 1 + 𝐴𝐹 − 𝐴. Suppose 𝐴 = 1, then 𝐹 = 𝐺 and therefore 𝑓 = 𝑡𝑔, when 𝑡𝑛 = 1. Suppose 𝐴 ≠ 1, 

then 

�̅� (𝑟,
1

𝐺
) = �̅� (𝑟,

1

𝐹−
𝐴−1

𝐴

)          

and 

�̅� (𝑟,
1

𝐹
) = �̅� (𝑟,

1

𝐺−(1−𝐴)
)       

Applying second fundamental theorem and Lemma 2.7, 

𝑇(𝑟, 𝐹) ≤ �̅� (𝑟,
1

𝐹
) + �̅� (𝑟,

1

𝐹−
𝐴−1

𝐴

) + �̅�(𝑟, 𝐹) + 𝑆(𝑟, 𝐹), 

              ≤ �̅� (𝑟,
1

𝐹
) + �̅� (𝑟,

1

𝐺
) + �̅�(𝑟, 𝐹) + 𝑆(𝑟, 𝐹). 

Hence  

(𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) ≤ (1 + 𝑚 + 𝑠)�̅� (𝑟,
1

𝑓
) + (1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑔
) 

                 +(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑓) + 𝑆(𝑟, 𝑓), 

≤ 2(1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + (1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑓).               (3.5) 

In similar way we have 

 (𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) ≤ 2(1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) + (1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑔).    

                           (3.6)  

Adding (3.5) and (3.6) we obtain 

(𝑛 + 𝑚 + 𝑠)[𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)] ≤ 3(1 + 𝑚 + 𝑠)[𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)] + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔). 

That is 
(𝑛 − 2𝑚 − 2𝑠 − 3)[𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)] ≤ 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔). 

Which disprove 𝑛 ≥ 2𝑚 + 2𝑠 + 3. 

Subcase 1.2 If 𝐵 ≠ 0 and 𝐴 ≠ 0, then 𝐹 =
(𝐵+1)−(𝐵−𝐴+1)

𝐵𝐺+(𝐴−𝐵)
. By taking into account 0,1, ∞ point of 𝐹 and 

applying second fundamental theorem to 𝐹 we obtain contradiction similar to subcase 1.1.  

   

Case 2. 𝑙 = 1, 𝑛 ≥ 8𝑚 + 8𝑠 + 9. 

Let us assume 𝐻 ≠ 0. Then by Lemmas 2.4, 2.7 

𝑇(𝑟, 𝐹) ≤ 𝑁2 (𝑟,
1

𝐹
) + 𝑁2 (𝑟,

1

𝐺
) + 𝑁2(𝑟, 𝐹) + 𝑁2(𝑟, 𝐺) +

1

2
�̅� (𝑟,

1

𝐹
) +

1

2
�̅�(𝑟, 𝐹) + 𝑆(𝑟, 𝐹) + 𝑆(𝑟, 𝐺), 

≤ 2(1 + 𝑚 + 𝑠)�̅� (𝑟,
1

𝑓
) + 2(1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑔
) + 2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑓) 

+2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑔) +
1

2
(1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑓
) +

1

2
(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑓) 

+𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔), 

≤
5

2
(1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑓
) + 2(1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑔
) +

5

2
(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑓) 

+2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑔) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔). 

Thus 
(𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) ≤ 5(1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + 4(1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔)                                                                            

(3.7) 

In a similar way 
(𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) ≤ 5(1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) + 4(1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔)                                                                             

(3.8) 
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Adding (3.7) and (3.8) 
(𝑛 − 8𝑚 − 8𝑠 − 9)[𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)] ≤ 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔). 

Which again disprove 𝑛 ≥ 8𝑚 + 8𝑠 + 9. 

Hence 𝐻 ≡ 0. We can conclude the similar outcome as in Case 1. 

Case 3. 𝑙 ≥ 2, 𝑛 ≥ 7𝑚 + 7𝑠 + 8. 

Subcase 3.1. 𝑙 = 2. 

From Lemma 2.5, if (1) holds, then we can derive 

max{𝑇(𝑟, 𝐹) + 𝑇(𝑟, 𝐺)} ≤ 𝑁2 (𝑟,
1

𝐹
) + 𝑁2 (𝑟,

1

𝐺
) + 𝑁2(𝑟, 𝐹) + 𝑁2(𝑟, 𝐺) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔).                                                                            

    (3.9) 

That is 
(𝑛 + 𝑚 + 𝑠)𝑇(𝑟) = (𝑛 + 𝑚 + 𝑠)max {𝑇(𝑟, 𝐹) + 𝑇(𝑟, 𝐺)}, 

≤ 2(1 + 𝑚 + 𝑠)�̅� (𝑟,
1

𝑓
) + 2(1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑔
) + 2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑓) 

+2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑔) + 𝑆(𝑟), 

≤ 8(1 + 𝑚 + 𝑠)𝑇(𝑟) + 𝑆(𝑟).             

Therefore, (𝑛 − 7𝑚 − 7𝑠 − 8)𝑇(𝑟) ≤ 𝑆(𝑟), which becomes a contradiction to 𝑛 ≥ 7𝑚 + 7𝑠 + 8. Thus 

𝐹 = 𝐺 or 𝐹𝐺 = 1. Suppose 𝐹 = 𝐺 then   

𝑓𝑛(𝑧)(𝑓𝑚(𝑧) − 1)𝑃(𝑓(𝑧)) = 𝑔𝑛(𝑧)(𝑔𝑚(𝑧) − 1)𝑃(𝑔(𝑧)). Which leads 𝑓 = 𝑡𝑔, where 𝑡𝑛 = 1. 

Suppose 𝐹𝐺 = 1 then 

𝑓𝑛(𝑧)(𝑓𝑚(𝑧) − 1)𝑃(𝑓(𝑧))𝑔𝑛(𝑧)(𝑔𝑚(𝑧) − 1)𝑃(𝑔(𝑧)) = 𝑅2. Which yields 𝑓𝑔 = 𝑡𝛼, 𝑡𝑛 = 1, 𝛼𝑛 =

𝑅2. 

Subcase 3.2. 𝑙 ≥ 3. 

From Lemma 2.6, any one of (1) or (2) holds. Suppose (1) holds then 

𝑇(𝑟, 𝐹) + 𝑇(𝑟, 𝐺) ≤ 𝑁2 (𝑟,
1

𝐹
) + 𝑁2 (𝑟,

1

𝐺
) + 𝑁2(𝑟, 𝐹) + 𝑁2(𝑟, 𝐺) 

+�̅� (𝑟,
1

𝐹 − 1
) + �̅� (𝑟,

1

𝐺 − 1
) − 𝑁11 (𝑟,

1

𝐹 − 1
) + �̅�(𝑘+1 (𝑟,

1

𝐹 − 1
) + 

�̅�(𝑘+1 (𝑟,
1

𝐺−1
) + 𝑆(𝑟, 𝐹) + 𝑆(𝑟, 𝐺), 

≤ 𝑁2(𝑟, 𝐹) + 𝑁2(𝑟, 𝐺) + 𝑁2 (𝑟,
1

𝐹
) + 𝑁2 (𝑟,

1

𝐺
) +

1

2
�̅� (𝑟,

1

𝐹 − 1
) + 

+
1

2
�̅� (𝑟,

1

𝐺−1
) + 𝑆(𝑟, 𝐹) + 𝑆(𝑟, 𝐺), 

≤ 2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑓) + 2(1 + 𝑚 + 𝑠)�̅�(𝑟, 𝑔) + 2(1 + 𝑚 + 𝑠)�̅� (𝑟,
1

𝑓
) + 

2(1 + 𝑚 + 𝑠)�̅� (𝑟,
1

𝑔
) +

1

2
(1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑓 − 1
) + 

1

2
(1 + 𝑚 + 𝑠)�̅� (𝑟,

1

𝑔−1
) + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔). 

Therefore, we get 
1

2
(𝑛 + 𝑚 + 𝑠)[𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)] ≤ 4(1 + 𝑚 + 𝑠)[𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)] + 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔).                                                                              

(3.10) 

Which takes to 

(
1

2
𝑛 −

7

2
(𝑚 + 𝑠) − 4) (𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)) ≤ 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔). 

Thus, we get a contradiction as 𝑛 ≥ 7𝑚 + 7𝑠 + 8. Hence (2) holds.  

i.e.,   𝐹 =
(𝑏+1)𝐺+(𝑎−𝑏−1)

𝑏𝐺+(𝑎−𝑏)
, where 𝑎 ≠ 0, 𝑏 are constants. 

Suppose that 𝑏 = 0. Then  

𝑓𝑛(𝑧)(𝑓𝑚(𝑧) − 1)𝑃(𝑓(𝑧)) = 𝑔𝑛(𝑧)(𝑔𝑚(𝑧) − 1)𝑃(𝑔(𝑧)), for 𝑎 = 1 that is 𝑓 = 𝑡𝑔, where 𝑡𝑛 = 1. If 

𝑎 ≠ 1, then 𝐹 =
𝐺+𝑎−1

𝑎
 and 𝐺 = 𝑎 (𝐹 +

1−𝑎

𝑎
) 
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And so �̅� (𝑟,
1

𝐹
) = �̅� (𝑟,

1

𝐺+𝑎−1
) , �̅� (𝑟,

1

𝐺
) = �̅� (𝑟,

1

𝐹+
1−𝑎

𝑎

).  

Using second fundamental theorem, we get 

𝑇(𝑟, 𝐺) ≤ �̅� (𝑟,
1

𝐺
) + �̅� (𝑟,

1

𝐺+𝑎−1
) + �̅�(𝑟, 𝐺) + 𝑆(𝑟, 𝐺). 

This, yields 
(𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) ≤ 2(1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) + (1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑔). 

Similarly, we have 
(𝑛 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) ≤ 2(1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑓) + (1 + 𝑚 + 𝑠)𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑓). 

Thus (𝑛 − 2𝑚 − 2𝑠 − 3)[𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝑔)] ≤ 𝑆(𝑟, 𝑓) + 𝑆(𝑟, 𝑔), which is a contradiction with 𝑛 ≥ 7𝑚 +
7𝑠 + 8. Suppose that 𝑏 + 1 = 0, 𝑎 + 1 = 0, then 𝐹𝐺 ≡ 1. Hence 𝑓𝑔 = 𝑡𝛼, where 𝑡𝑛 = 1, 𝛼𝑛 = 𝑅2. If 𝑎 +
1 ≠ 0, we obtain a contradiction as above. Suppose 𝑏 ≠ 0, −1. We also get a contradiction for the case 𝑏 =
0 as in subcase 1.1 of case 1. This completes the proof. 

 

Proof of Theorem 1.8 

Proof: Let 𝑓, 𝑔 be nonconstant entire functions which satisfies, 

                   𝐸𝑓(𝑆) = 𝐸𝑔(𝑆).                                                                 (3.11) 

Set          𝐹 =
(𝑓𝑛)(𝑘)

(𝑎𝑓𝑚+𝑏)(𝑘) , 𝐺 =
(𝑔𝑛)(𝑘)

(𝑎𝑔𝑚+𝑏)(𝑘) .                                         (3.12) 

Then (3.11) gives that 𝐹 and 𝐺 share 1 CM. Applying theorem 1.1 to (3.12) we have  

𝑇(𝑟, 𝐹) = 𝑘𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).                                                               (3.13) 

𝑇(𝑟, 𝐹) = 𝑘𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑔).                                                              (3.14) 

Since 𝐹is entire, (3.12) gives 

𝑁2 (𝑟,
1

𝐹
) ≤ (𝑘 + 2)�̅� (𝑟,

1

𝑓
) ≤ (𝑘 + 2)𝑇(𝑟, 𝑓) + 𝑂(1).  

𝑁2(𝑟, 𝐹) ≤ 𝑁𝑘+2 (𝑟,
1

𝑎𝑓𝑚+𝑏
) ≤ 𝑚(𝑘 + 2)𝑇(𝑟, 𝑓) + 𝑂(1). 

So, (3.13) yields  

𝑁2 (𝑟,
1

𝐹
) + 𝑁2(𝑟, 𝐹) ≤

𝑘+2+𝑚(𝑘+2)

𝑛
𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).                         (3.15) 

Similarly 

𝑁2 (𝑟,
1

𝐺
) + 𝑁2(𝑟, 𝐺) ≤

𝑘+2+𝑚(𝑘+2)

𝑛
𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑔).                         (3.16) 

Define 𝑇(𝑟) = max {𝑇(𝑟, 𝐹), 𝑇(𝑟, 𝐺)}. 

It follows from (3.15) and (3.16) that 

𝑁2 (𝑟,
1

𝐹
) + 𝑁2(𝑟, 𝐹) + 𝑁2 (𝑟,

1

𝐺
) + 𝑁2(𝑟, 𝐺) 

≤ (
2(𝑘+2)(𝑚+1)

𝑛
+ 𝑂(1)) 𝑇(𝑟),    𝑟 ∉ 𝐸. 

Since 
2(𝑘+2)(𝑚+1)

𝑛
+ 𝑂(1) < 1 from theorem 1.2 we know that 𝐹 ≡ 𝐺 or 

𝐹𝐺 ≡ 1. Further from (3.13) and (3.14) we have 

𝑇(𝑟, 𝑓) = 𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑓).                                                               (3.17) 

𝑪𝒂𝒔𝒆 𝟏. If 𝐹𝐺 ≡ 1 then 

(𝑓𝑛)(𝑘)(𝑔𝑛)(𝑘) = (𝑎𝑓𝑚 + 𝑏)(𝑘)(𝑎𝑔𝑚 + 𝑏)(𝑘).                                 (3.18) 

Suppose that 𝑚 ≥ 2. Let 𝜔𝑗(𝑗 = 1,2, … , 𝑚) be 𝑚 distinct roots of 

𝑎𝜔𝑚 + 𝑏 = 0, and let 𝑧𝑗 be a zero of 𝑓 − 𝜔𝑗. Then (3.18) implies that 𝑧𝑗 has at least multiplicity 𝑛. So 

Θ(𝜔𝑗 , 𝑓) ≥ 1 −
1

𝑛
, 𝑗 = 1,2, … , 𝑚. 

Which are impossible. If 𝑚 = 1, (3.15) and (3.16) leads to 

𝑘�̅� (𝑟,
1

𝑓
) = 𝑘�̅� (𝑟,

1

𝑎𝑔+𝑏
) ≤

𝑘

𝑛
𝑁 (𝑟,

1

𝑎𝑔+𝑏
), 

                ≤
𝑘

𝑛
𝑇(𝑟, 𝑔) + 𝑂(1), 

                ≤
𝑘

𝑛
𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓). 
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𝑘�̅� (𝑟,
1

𝑎𝑓+𝑏
) ≤

𝑘

𝑛
𝑁 (𝑟,

1

𝑎𝑓+𝑏
), 

                      ≤
𝑘

𝑛
𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓). 

Hence from second fundamental theorem 

𝑘𝑇(𝑟, 𝑓) ≤ 𝑘�̅� (𝑟,
1

𝑓
) + 𝑘�̅� (𝑟,

1

𝑎𝑓+𝑏
) + 𝑆(𝑟, 𝑓), 

               ≤
2𝑘

𝑛
𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓). 

Which is a contradiction. 

Case 2. If 𝐹 ≡ 𝐺 then 

(𝑓𝑛)(𝑘)(𝑎𝑔𝑚 + 𝑏)(𝑘) = (𝑔𝑛)(𝑘)(𝑎𝑓𝑚 + 𝑏)(𝑘).                                 (3.19) 

Suppose that 𝑓 ≢ 𝑔. Then (3.19) leads to 

𝑓𝑚 =
𝑏(ℎ−𝑢)(ℎ−𝑢2)…(ℎ−𝑢𝑛−1)

𝑎(ℎ−𝑣)(ℎ−𝑣2)…(ℎ−𝑣𝑛−𝑚−1)
,                                                          (3.20) 

where ℎ =
𝑓

𝑔
, 𝑢 = 𝑒

2𝜋𝑖

𝑛  and 𝑣 = 𝑒
2𝜋𝑖

𝑛−𝑚. Since 𝑚 and 𝑛 are coprime, there is no common factor in the 

numerator and denominator of (3.20). It means that 𝑣𝑗(1 ≤ 𝑗 ≤ 𝑛 − 𝑚 − 1) are Picard exceptional values 

of ℎ and ℎ is a non-constant entire function. This is not possible. Therefore 𝑓 ≡ 𝑔. 

 

Proof of Theorem 1.9 

Proof: Let 𝑓, 𝑔 be non-constant meromorphic functions satisfy 

       𝐸𝑓(𝑆) = 𝐸𝑓(𝑆)                                                                            (3.21) 

Set    𝐹1 =
(𝑓𝑛)(𝑘)

(𝑎𝑓𝑚+𝑏)(𝑘) ,   𝐺1 =
(𝑔𝑛)(𝑘)

(𝑎𝑔𝑚+𝑏)(𝑘) .                                          (3.22) 

Then (3.21) implies that 𝐹1 and 𝐺1 share 1 CM. Applying theorem 1.1 to (3.22) we have  

𝑇(𝑟, 𝐹1) = 𝑘𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).                                                           (3.23) 

𝑇(𝑟, 𝐺1) = 𝑘𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑔).                                                           (3.24) 

Since 𝐹1 is meromorphic, (3.22) gives 

𝑁2 (𝑟,
1

𝐹1
) ≤ (𝑘 + 2)�̅� (𝑟,

1

𝑓
) ≤ (𝑘 + 2)𝑇(𝑟, 𝑓) + 𝑂(1). 

𝑁2(𝑟, 𝐹1) ≤ (𝑘 + 2)�̅�(𝑟, 𝑓) + 𝑘𝑁 (𝑟,
1

𝑎𝑓𝑚+𝑏
), 

               ≤ (𝑘 + 2 + 𝑘𝑚)𝑇(𝑟, 𝑓) + 𝑂(1). 

Hence  

𝑁2 (𝑟,
1

𝐹1
) + 𝑁2(𝑟, 𝐹1) ≤

(2+𝑚)𝑘+4

𝑛
𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).                        (3.25) 

Similarly 

𝑁2 (𝑟,
1

𝐺1
) + 𝑁2(𝑟, 𝐺1) ≤

(2+𝑚)𝑘+4

𝑛
𝑇(𝑟, 𝑔) + 𝑆(𝑟, 𝑔).                       (3.26) 

Define 𝑇(𝑟) = max {𝑇(𝑟, 𝐹1), 𝑇(𝑟, 𝐺1)}. 

It follows from (3.25) and (3.26) that 

𝑁2 (𝑟,
1

𝐹1
) + 𝑁2(𝑟, 𝐹1) + 𝑁2 (𝑟,

1

𝐺1
) + 𝑁2(𝑟, 𝐺1) ≤ (

2𝑘(2+𝑚)+8

𝑛
+ 𝑂(1)) 𝑇(𝑟), 𝑟 ∉ 𝐸. 

Since 
2𝑘(2+𝑚)+8

𝑛
< 1. From theorem 1.2 we know that 𝐹1 ≡ 𝐺1 or 𝐹1𝐺1 ≡ 1. 

Case 1. If 𝐹1𝐺1 ≡ 1, then 

(𝑓𝑛)(𝑘)(𝑔𝑛)(𝑘) = (𝑎𝑓𝑚 + 𝑏)(𝑘)(𝑎𝑔𝑚 + 𝑏)(𝑘).                                   (3.27) 

Let 𝑧𝑝 be a 𝑝 order pole of 𝑓. Thus (3.27) implies that 𝑧𝑝 must be a zero of 𝑔. Suppose that 𝑧𝑝 is of order 

𝑞. Thus (3.27) gives 

(𝑛 − 𝑚)𝑝 = 𝑛𝑞.                                                                                     (3.28) 

Since 𝑛 and 𝑚 are coprime, (3.28) means that 𝑛 is a factor of 𝑝 and 𝑝 ≥ 𝑛. So 

�̅�(𝑟, 𝑓) ≤
𝑘

𝑛
𝑁(𝑟, 𝑓) ≤

𝑘

𝑛
𝑇(𝑟, 𝑓).  

Let 𝜔𝑗(𝑗 = 1,2, … , 𝑚) be 𝑚 distinct roots of 𝑎𝜔𝑚 + 𝑏 = 0 and let 𝑧𝑗 be a zero of 𝑓 − 𝜔𝑗. Then (3.27) 
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implies that 𝑧𝑗 has at least multiplicity 𝑛. Hence  

𝑘�̅� (𝑟,
1

𝑓−𝜔𝑗
) ≤

𝑘

𝑛
𝑁 (𝑟,

1

𝑓−𝜔𝑗
) ≤

𝑘

𝑛
𝑇(𝑟, 𝑓) + 𝑂(1). 

Note that 𝑚 ≥ 2, by second fundamental theorem, we have 

𝑘(𝑚 − 1)𝑇(𝑟, 𝑓) ≤ 𝑘�̅�(𝑟, 𝑓) + 𝑘 ∑ �̅�𝑚
𝑗=1 (𝑟,

1

𝑓−𝜔𝑗
) + 𝑆(𝑟, 𝑓), 

                             ≤
𝑘(𝑚+1)

𝑛
𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓), 

which is a contradiction. 

Case 2. If 𝐹1 ≡ 𝐺1 then 

(𝑓𝑛)(𝑘)(𝑎𝑔𝑚 + 𝑏)(𝑘) = (𝑔𝑛)(𝑘)(𝑎𝑓𝑚 + 𝑏)(𝑘).                                    (3.29) 

Assume that 𝑓 ≢ 𝑔, then (3.29) gives  

𝑓𝑚 =
𝑏(ℎ−𝑢)(ℎ−𝑢2)…(ℎ−𝑢𝑛−1)

𝑎(ℎ−𝑣)(ℎ−𝑣2)…(ℎ−𝑣𝑛−𝑚−1)
,                                                             (3.30) 

Where ℎ =
𝑓

𝑔
, 𝑢 = 𝑒

2𝜋𝑖

𝑛  and 𝑣 = 𝑒
2𝜋𝑖

𝑛−𝑚. Since 𝑚 and 𝑛 are coprime, the numerator and the denominator od 

(3.30) have no common factors. It means that ℎ is a nonconstant meromorphic function and zeros of ℎ −
𝑢𝑗(1 ≤ 𝑗 ≤ (𝑛 − 1) we have at least multiplicity 𝑚. 

Hence  

 �̅� (𝑟,
1

ℎ−𝑢𝑗) ≤
𝑘

𝑚
𝑁 (𝑟,

1

ℎ−𝑢𝑗) ≤
𝑘

𝑚
𝑇(𝑟, ℎ) + 𝑂(1). 

Again, by second fundamental theorem we get 

𝑘(𝑛 − 3)𝑇(𝑟, ℎ) ≤ 𝑘 ∑ �̅�𝑛−1
𝑗=1 (𝑟,

1

ℎ−𝑢𝑗) + 𝑆(𝑟, ℎ), 

                           ≤
𝑘(𝑛−1)

𝑚
𝑇(𝑟, ℎ) + 𝑆(𝑟, ℎ), 

which is contradiction. Therefore 𝑓 ≡ 𝑔. Hence the proof.  
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